
Thirtieth Singapore Physics Olympiad Theoretical Paper Part B

Saturday 21 October 2017

Organised by

Institute of Physics

In conjuction with

National University of Singapore

National Institute of Education, Nanyang Technological University,

Ministry of Education, Singapore

And sponsored by

Micron Technology Foundation, Inc

Instructions to Candidates

1. This is a 1.5 hour paper.

2. This paper consists of three (3) questions printed on sixteen (16) pages.

3. Attempt all questions. Marks allocated for each part of a question are indicated in the brackets [ ].

4. Write your answers in the space provided in the booklet.

5. If you need working paper, you may request from the invigilators.

6. No books or documents relevant to the test may be referred during the examination.

NAME: _________________________________________

SCHOOL: ________________________________________



5a. [5 marks] Consider two inertial frames S and S' whereby observer is stationary in S. S' frame is moving with
relativistic speed v in the in x-direction with respect to the observer. The relation between the spacetime coordinates
of S and S' frame is given by the Lorentz transformation

ct1 � γ pct� βxq

x1 � γ px� βctq

y1 � y

z1 � z

where

γ �
1a

1� β2

and
β �

v

c
.

Suppose the quantity k � r� ωt is an invariant quantity, that is

k1 � r1 � ω1t1 � k � r� ωt

where k � |k| � ω{c is the wave vector, r is the position vector and ω is the angular frequency.

Find ω1, ck1 in terms of ω, k, and γ.
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(b) [5 marks] A plane mirror (S' frame) is moving through vacuum with relativistic speed v in the x direction. As
seen by observer in S, a beam of light with frequency ωi is incident (from x � �8), at angle θi to the normal, on
the plane mirror. The beam of light is re�ected back at an angle θr to the normal and at frequency ωr as shown in
�gure below. Here ki and kr are the incident and re�ected wave vectors respectively.

Hint: Law of re�ection is only valid in mirror's frame.

Figure 1: Re�ection on a moving mirror

(i) What is the frequency of the re�ected light ωr expressed in terms of ωi, β and θi ?

(ii) What is the energy of the each photon in the re�ected beam?
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6. Funny Balloon

The two balloons experiment is a famous counter-intuitive experiment involving two interconnected balloons of
di�erent radii. In this experiment, two identical balloons are initially in�ated to di�erent radii. They are then
connected to both ends of a tube, allowing air �ow between them. This results in the smaller balloon becoming
smaller while the larger balloon becoming larger. This observation is surprising since conventional intuition suggests
that both balloons should end up equal in sizes after allowing air �ow between them. This question studies the
physics behind this surprising result. For simplicity, we assume that the balloons are made up of spherical shells
and all changes in sizes take place under isothermal conditions.

Figure 2: (a) The sizes of the balloons before and after exchanging air. (b) Tension in a rubber fragment making
up a spherical rubber shell of radius r. The rubber fragment can be thought as an area formed by two arcs of two
di�erent circles. One edge of the rubber fragment is a segment from a circle at an angle φ from the x�z plane, with
radius r. The other edge is a segment from a circle in the x� y plane, with radius r sin θ. There are tensions acting
on all four sides of the rubber fragment. Each tension is in a direction tangent to the arc forming the fragment,
pointing away from the fragment.

(a) Pressure-radius curve

The tension in a stretched rubber is given as

Fr9
r

r20

�
1�

�r0
r

	6�

where is r the radius of the in�ated balloon and r0 is the original radius of the balloon. Fig. 2(b) shows a sketch
of the direction of tension in a rubber fragment that is part of the spherical shell.

(i) [3 marks] Show that the internal air pressure of the balloon relative to the atmospheric pressure is given by

P �
C

r20r

�
1�

�r0
r

	6�

where C is a constant.

(ii) [1 mark] Show that the internal pressure of the balloon is maximum when the radius is

rmax � 7
1
6 r0

(iii) [2 marks] Sketch the pressure-radius graph of the balloon. Label the points r0 and rmax on the graph.
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6b. Suppose two balloons of two di�erent radii are connected to two ends of a very thin tube with a valve, initially
closed to prevent exchange of air between the balloons. The initial radius of the smaller balloon rsi is at its maximum
as given

rsi � 7
1
6 r0

The balloons reach equilibrium after the valve is opened for some time. At equilibrium, the radius of the smaller
balloon is

rsf � 6
1
6 r0

(i) [2 marks] Calculate the radius of the bigger balloon rbf at equilibrium. Leave your answer in 3 decimal places
in terms of r0. You may use numerical methods to solve this question.

(ii) [3 marks] Calculate the initial radius of the bigger balloon, rbi when the valve was still closed. Leave your
answer in 3 decimal places in terms of r0. You may use numerical methods to solve this question.

(iii) [4 marks] Given the following quantities:

A � cross-sectional area of the tube,

m � average mass of one air molecule,

k � Boltzmann constant,

T � temperature at which the two balloons experiment is conducted,

rb � radius of the bigger balloon at a given instant and

rs � radius of the smaller balloon at a given instant,

show that the time taken for the balloons to reach the equilibrium state is given by

t �
16π

3A

c
m

kT

�
���
» rbf

rbi

drb

rb

�
1� 2

�
r0
rb

	6�

1
rs

�
1�

�
r0
rs

	6�
� 1

rb

�
1�

�
r0
rb

	6�
�
���
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7a. [4 marks] Consider a volume V with bounding surface S. Suppose there is some electrostatic �eld Einsideprq
inside V and some other electrostatic �eld Eoutsideprq outside V , show that at any point r on S we have

EK

outsideprq � EK

insideprq �
1

ε0
σprq,

where EKprq is the component of Eprq perpendicular to S at r, σprq is the charge per unit area at r, and ε0 is the
electric permittivity of free space.
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7b. [5 marks] Next suppose V is spherical and there is a continuous distribution of electric charge in V . If the
charge per unit volume ρ is a constant, show that the charge per unit area on the surface S, which bounds V , is
everywhere zero.
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7c. [6 marks] Now suppose V is a spherical conductor of radius R carrying charge Q. If V is the only object in the
�universe�, calculate the total electric force experienced by the right half of V .
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General Data Sheet
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