
T2. Waves and Phase Transitions in
Spin Systems (10.0 pts) Final grading
scheme

Part A. Precession and interactions of mag-
netic dipoles (1.2 points)

A.1: The angular momentum of the planar loop ro-
tating around its perpendicular axis is given by

ωL = MR2ωε,

while the current generated by the rotation is I =
Q/T = εQ/2ϑ, then the magnetic dipole moment of
the planar loop is given by

ωµ = IAε̂ =
εQ

2ϑ
ϑR2ε̂ =

Q

2
R2ωε.

It follows that
ωµ =

Q

2M
ωL

and
ϖ =

Q

2M
.

Grading scheme for Task A.1. Pts
correct result for L (just magnitude is fine) 0.1
correct result for µ in terms of given quan-
tities (just magnitude is fine)

0.1

correct result for ϖ 0.1
Total 0.3

Grading note: Writing the final answer without justi-
fication receives a maximum of 0.1pts.

A.2: The torque acting on a magnetic dipole due to
an external magnetic field is given by

ωϱ = ωµ→ ωB =
dωL

dt
.

𝐵

𝐿

𝐿⊥ Ԧ𝜏 ⊙

𝜔𝐿

𝜃

Since only the component perpendicular to ωB can
change, and it rotates with angular velocity εL, we
write

↑ LεL sin ς = ↓µB sin ς

from which we deduce

εL = ↓µ

L
B = ↓ϖB.

Note: The torque equation can be found by drawing
an analogy to the electric dipole case.

Grading scheme for Task A.2. Pts
Writing the torque formula 0.1
Realizing only the perpendicular com-
ponent L sin ς is changing (or writing
dωL/dt = ωεL → ωL)

0.1

Correct magnitude for εL 0.1
Correct sign for εL 0.1
Total 0.4

Grading note: If the correct final answer for εL is writ-
ten without justification, a maximum of 0.2 is given.

A.3: The magnetic field due to the first dipole on the
second is

ωB1 on 2 = ↓µ0

4ϑ

ωµ1

d3
.

Then

U = ↓ωµ2 · ωB1 on 2 = ↓ µ0

4ϑd3
µ1µ2 cos(ϑ ↓ ς)

leading to

U =
µ0ϖ2

4ϑd3
ωL1 · ωL2

and

J0 ↔ µ0ϖ2

4ϑd3
.

Grading scheme for Task A.3. Pts
Writing the interaction energy correctly 0.1
Writing the correct magnetic field magni-
tude

0.1

Writing the correct magnetic field direc-
tion

0.1

Correct magnitude for J0 0.1
Correct sign for J0 0.1
Total 0.5

Grading note 1: If the direction of magnetic field is
not explicitly drawn or written, then credit is given
if and only if the sign for interaction energy AND J0
are correct.
Grading note 2: If multiple mistakes lead to J0 having
the correct sign, then no partial credit is awarded to
that.
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Part B. Spin waves (4.5 points)

B.1: The ith spin interacts with the i ↓ 1 and i + 1
spins, with an energy Ei = ↓J(ωSi→1+ ωSi+1) · ωSi which
is analogous to Ei = ↓ ωBi ·ωµi. Using ωµi = ϖωSi, we find

ωBi,e! =
J

ϖ

(
ωSi→1 + ωSi+1

)
.

Grading scheme for Task B.1. Pts
Explicit understanding that i↓1 and i+1
are the contributors for spin i

0.1

Correct result for e!ective magnetic field
(if sign is wrong, then a maximum of 0.1
is given)

0.2

Total 0.3

Grading note: Writing the correct result directly re-
ceives full credit.

B.2: Given the e!ective magnetic field

dωSi

dt
= ωϱ = ωµi → ωBi,e!

= J ωSi →
(
ωSi→1 + ωSi+1

)
.

Grading scheme for Task B.2. Pts
Writing the rate of change of ωS using the
e!ective magnetic field

0.1

Correct equation 0.2
Total 0.3

B.3: We can write the rate of change of the x and y
components of ωSi, keeping in mind the approximation
Si,z ↗ S for all i.

dSi,x

dt
= J [Si,y (Si→1,z + Si+1,z)

↓Si,z (Si→1,y + Si+1,y)]

↗ JS (2Si,y ↓ Si→1,y ↓ Si+1,y)

and

dSi,y

dt
= J [↓Si,x (Si→1,z + Si+1,z)

↓Si,z (Si→1,x + Si+1,x)]

↗ ↓JS (2Si,x ↓ Si→1,x ↓ Si+1,x) .

The structure of these equations along with the trav-
eling wave behavior leads us to the ansatz

Si,x = φS cos(kx↓ εt)

Si,y = φS sin(kx↓ εt),

Where φS is the amplitude. This yields

εφS sin(kx↓ εt) = JSφS · [2 sin(kx↓ εt)

↓ sin(kx↓ εt↓ ka)

↓ sin(kx↓ εt+ ka)] .

Using sin(A)+sin(B) = 2 sin
(
A+B

2

)
cos

(
A→B

2

)
, we get

ε(k) = 2JS [1↓ cos(ka)] .

Note: We can show that the amplitude for Sx equals
that of Sy, by substituting predictions with ωSx and ωSy,
which leads to

εωSx sin(kx→ εt) = JSωSy · [2 sin(kx→ εt)

→ sin(kx→ εt→ ka)

→ sin(kx→ εt+ ka)]

εωSy cos(kx→ εt) = JSωSx · [2 cos(kx→ εt)

→ cos(kx→ εt→ ka)

→ cos(kx→ εt+ ka)]

which can only be satisfied given ωSx = ωSy.

Grading scheme for Task B.3. Pts
Writing the correct explicit equation of
motion for either Sx or Sy

0.5

Explicit use of Sz ↗ S 0.2
Writing traveling waves as function of kx±
εt (either sign is okay, either trig function
or complex exponentials is okay)

0.3

Same amplitude for Sx and Sy 0.2
Correct phase relation between Sx and Sy

(a di!erence of ϑ/2)
0.3

Correct final result (± is okay) 0.5
Total 2.0

Grading note 1: credit should be given to the ampli-
tudes equality and phase di!erence even if not proved.
Grading note 2 : In case the student does not arrive at
the correct final solution, but has made a serious at-
tempt at the algebra involving trig identities or com-
plex exponentials, then up to 0.2 points may be re-
warded.

B.4: For small k,

ε(k) ↗ 2JS

[
1↓ 1 +

1

2
(ka)2

]
= JSa2k2

The de Broglie relations are E = ⊋ε and p = ⊋k,
plugging these into the expression for ε(k), we find

E = ⊋ε =
JSa2

⊋ p2 ↔ p2

2me!
,

where
me! ↔ ⊋

2JSa2
.

Grading scheme for Task B.4. Pts
Correct Taylor expansion result 0.2
Correct relation between momentum and
wave vector

0.1

Correct relation between energy and angu-
lar frequency

0.1

Correct identification of e!ective mass 0.2
Total 0.6
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Grading notes: If the student did not find the correct
ε(k), but states that a massive particle has energy
E = p2/2m, then give 0.1 points (with a max of 0.3
given both de Broglie relations).

B.5: In this inelastic scattering, energy and momen-
tum for the entire system (including the chain) is con-
served. In particular, the spin wave does not have a
momentum along the y-axis. Therefore

pin cos ςin = pout cos ςout.

Combining this with En = p2n/2mn valid for the neu-
tron, we find

Eout =

(
cos ςin

cos ςout

)2

Ein

Using energy conservation, the energy Es of the spin
wave is Es = Ein ↓ Eout, so we get

Es =
cos2 ςout ↓ cos2 ςin

cos2 ςout
Ein.

Conservation of momentum along the x-axis gives

ps = pin sin ςin ↓ pout sin ςout

=
√

2mnEin

(
sin ςin ↓ cos ςin

cos ςout
sin ςout

)
.

Then from me! = p2s/2Es, we find

me! =
cos2 ςout

(
sin ςin ↓ cos ωin

cos ωout
sin ςout

)2

cos2 ςout ↓ cos2 ςin
mn

which after simplifying gives

me! =
sin2(ςin ↓ ςout)

cos2 ςout ↓ cos2 ςin
mn =

sin(ςin ↓ ςout)

sin(ςin + ςout)
mn.

Grading scheme for Task B.5. Pts
Conservation of momentum along y-axis 0.4
Conservation of momentum along x-axis 0.3
Conservation of energy 0.2
Relation between Eout and Ein 0.1
Correct final answer (should be in either
two forms at the end, otherwise 0.2)

0.3

Total 1.3

Part C. Phase transitions in spin chains (4.3
points)

C.1: In a Boltzmann distribution, given the system’s
temperature T , the probability to find a system in a
given state with energy ↼i is

pi ↘ exp

(
↓ ↼i
kBT

)
.

In this case, the probability to find a spin up state of
energy ↼↑ = ↓hs↑ = ↓h is

p↑ ≃ eh/kBT .

Therefore,

p↑
p↓

=
eh/kBT

e→h/kBT
= e2h/kBT .

Grading scheme for Task C.1. Pts
Use of Boltzmann factor 0.2
Correct final result for the ratio 0.3
Total 0.5

Grading note 2 : even if the final answer is written
immediately, the student must at least write p ↘
exp(↓E/kBT ) to receive full credit.

C.2: The average polarization of the system s̄ can be
written as

s̄ =
1

N

∑

i

si,

=
1

N
[Np↑ · 1 +Np↓ · (↓1)],

= p↑ ↓ p↓,

where Np↑ and Np↓ are the number of spin vectors
pointing up and down, respectively. We also note that
normalization requires p↑ + p↓ = 1. Thus, a full solu-
tion for p↑ and p↓ is

p↑ =
eh/kBT

eh/kBT + e→h/kBT
,(1)

p↓ =
e→h/kBT

eh/kBT + e→h/kBT
.(2)

Substituting for probabilities, we find

s̄ =
eh/kBT ↓ e→h/kBT

eh/kBT + e→h/kBT
= tanh

(
h

kBT

)
.(3)

Grading scheme for Task C.2. Pts
Deducing s̄ = p↑ ↓ p↓ 0.2
Normalization condition p↑ + p↓ = 1 0.1
Final result for s̄ 0.1
Correct sketches (0.2 each) 0.6
Total 1.0
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Grading note 1: For a sketch to be correct, it has to
include labels of both axes and has intercept at (0, 0).
For ho ⇐ kBT , s̄ has to approach ±1 quickly. For
ho ⇒ kBT , it should look like a line with tiny slope.
For ho ↗ kBT , it should be in-between the two cases.
Grading note 2: Only drawing axes with labels (but
no correct sketch) deserves NO points. If the students
draw the correct sketch but have no labels, then a
max of 0.1 per sketch is given.

C.3: The energy of the system is minimized when all
the spins are aligned, so

Eg = ↓J̃
∑

i

1 = ↓J̃(N ↓ 1) ↗ ↓J̃N,(4)

where we used N ⇐ 1.

Grading scheme for Task C.3. Pts
Realizing the spins minimize their energy
by aligning along the same direction

0.1

Correct result (both N↓1 and N are fine) 0.1
Total 0.2

C.4:

E = ↓J̃
∑

i

sisi+1 = ↓J̃
∑

i

sis̄ = ↓J̃e!
∑

i

si,

where we define J̃e! = J̃ s̄. Using 2s̄ is double counting
the energy.

Grading scheme for Task C.4. Pts
Realizing si+1 can be replaced with s̄ 0.1
Correct final result 0.1
Total 0.2

Grading note: If the student uses 2s̄, then no partial
credit. However, no propagating error from this spe-
cific mistake for the following parts.

C.5: By looking at the earlier equation given in part
C.4, and comparing it to what we had earlier in C.2,
we find that the average polarization s̄ should satisfy
the following transcendental equation:

s̄ = tanh

(
J̃e!

kBT

)
= tanh

(
J̃ s̄

kBT

)
.

With the help of the plots we did earlier in C.2, one
can see that for J̃ ⇒ kBT , there exists only one simple
solution, s̄ = 0. Where as for J̃ ⇐ kBT , there exist
two non-trivial solutions. As clarified by the figure be-
low, this crossing behavior occurs when the tangent
line for tanh

(
J̃ s̄/kBT

)
at s̄ = 0 equals the slope of

s̄:

d

ds̄
tanh

(
J̃ s̄

kBTc

)∣∣∣∣∣
s̄=0

=
d

ds̄
s̄

∣∣∣∣
s̄=0

↑ J̃

kBTc

1

cosh2
(
J̃ s̄/kBTc

)

∣∣∣∣∣∣
s̄=0

= 1

↑ J̃

kBTc
= 1,

leading to Tc = J̃/kB .

Grading scheme for Task C.5. Pts
stating s̄ = tanh

(
J̃e!/kBT

)
0.1

Replacing J̃e! for h in s̄ results from C.2 0.2
Realizing that there is one trivial solution
for J̃ ⇒ kBT

0.2

Realizing that there are two non-trivial so-
lutions for J̃ ⇐ kBT

0.2

Clearly stating the condition when the
number of solutions changes

0.3

Correct final result for Tc 0.2
Total 1.2

Grading note 1: The student might skip finding the
derivatives, but only pictorially show the transition
condition. In this case, the student receives full credit.
Grading note 2: If the student does not explicitly men-
tion the number of solutions in the di!erent regime,
but reach the result for Tc, they receive full credit.
Grading note 3: If the students writes Tc without jus-
tification, they do not receive the credit for the final
answer.

C.6: Near the critical temperature, the average polar-
ization is small. Thus, we can approximate the tran-
scendental equation as

s̄ = tanh

(
Tc

T
s̄

)
↗ Tc

T
s̄↓ 1

3

(
Tc

T
s̄

)3

.

We see that s̄ = 0 is still a solution. After rearranging
for s̄ ⇑= 0, we get

s̄ = ±

√√√3

(
T

Tc

)2

↓
(
T

Tc

)3


= ±



3

(
T

Tc

)2 (
1↓ T

Tc

)

↗ ±


3
Tc ↓ T

Tc
,

where we have used (T/Tc)2 ↗ 1.
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Grading scheme for Task C.6. Pts
Using the proper approximation for tanh 0.1
Correct non-trivial solutions for s̄, even if
not fully simplified (0.1 each)

0.2

Sketch s̄ = 0 as the only solution above Tc 0.1
The non trivial solutions are vertical at Tc 0.2
s̄ = 0 is sketched as a solution for T < Tc 0.1
The two non-trivial solutions monotoni-
cally increase to ±1 at T = 0 (0.1 each)

0.2

Either non-trivial solutions have a zero
slope approaching T = 0.

0.1

Total 1.0

Grading note 1 :The vertical slope at Tc has to be very
clear. It is an important physical signature of phase
transitions, so the student has to emphasize it in the
sketch to receive credit for it.
Grading note 2: the credit associated with slope ap-
proaching zero as T ⇓ 0 can be given even if the
student does not plot the negative solution.

C.7: In the absence of magnetic fields, when T > Tc,
there is only one solution at s̄ = 0, which means that
the system cannot maintain a net polarization. How-
ever, applying a magnetic field leads to a net magneti-
zation, which is a characteristic of paramagnets. On
the other hand, when T < Tc, the system can support
a net magnetization even in the absence of magnetic
fields, which is the characteristic of ferromagnets.

Grading scheme for Task C.7. Pts
Correct choice for T > Tc 0.1
Correct choice for T < Tc 0.1
Total 0.2

Grading note: No justification is needed for credit. If
multiple choices are chosen, then no credit. In case
the choices were changed, only give credit if the final
choice is correct and clear.
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