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Theory 3:   Magnetic Levitation – Marking Scheme 

Part A  Sudden appearance of a magnetic monopole    (3.0 points) 
Initial response                                                                                                            (1.6 points) 

A.1 
𝐵⃗ mp =

𝜇0𝑞m

4𝜋

(𝑧 − ℎ)𝑧̂ + 𝜌 

[(𝑧 − ℎ)2 + 𝜌2]3 2⁄
 

0.1 0.4 

 𝐵⃗ ′ = 
𝜇0𝑞m

4𝜋

(𝑧 + ℎ)𝑧̂ + 𝜌 

[(𝑧 + ℎ)2 + 𝜌2]3 2⁄
 0.2 

 
𝐵⃗ =

𝜇0𝑞m

4𝜋
[

(𝑧 − ℎ)𝑧̂ + 𝜌 

[(𝑧 − ℎ)2 + 𝜌2]3 2⁄
+

(𝑧 + ℎ)𝑧̂ + 𝜌 

[(𝑧 + ℎ)2 + 𝜌2]3 2⁄
] 0.1 

A.2 𝐵⃗ = 0 0.2 0.2 

A.3 𝐵𝑧
′ = 0   at   𝑧 = 0 0.1 0.4 

      ΦB = 0  at   𝑧 = 0 0.1 

 𝐵𝑧
′ = 0     at 𝑧 = −𝑑 0.1 

 ΦB = 0  at 𝑧 = −𝑑 0.1 

A.4 𝐵𝜌(𝜌, 𝑧 = 0)𝑑𝜌 = 𝜇0 𝑗(𝜌) 𝑑𝜌 ∙ 𝑑 0.4 0.6 

 
𝑗 (𝜌 ) =

1

𝜇0𝑑
𝑧̂ × 𝐵⃗ (𝜌 , 𝑧 = 0) =

𝑞m

2𝜋𝑑

𝑧̂ × 𝜌 

(ℎ2 + 𝜌2)3 2⁄
 

0.2 

 

Subsequent response                                                                                                   (1.4 points) 

A.5 𝜕𝐵𝑧
′

𝜕𝑧
|
𝑧

−
𝜕𝐵𝑧

′

𝜕𝑧
|
−𝑑−𝑧

= 𝜇0𝜎(𝑑 + 2𝑧)
𝜕𝐵𝑧

′

𝜕𝑡
≈ 𝜇0𝜎𝑑

𝜕𝐵𝑧
′

𝜕𝑡
 

0.2 0.6 

 𝜕𝐵𝑧
′

𝜕𝑧
|
𝑧

= −
𝜕𝐵𝑧

′

𝜕𝑧
|
−𝑑−𝑧

 0.2 

 𝜕

𝜕𝑡
𝐵𝑧

′(𝜌, 𝑧; 𝑡) = 2 (𝜇0𝜎𝑑)⁄ × 
𝜕

𝜕𝑧
𝐵𝑧

′(𝜌, 𝑧; 𝑡) 0.2 

A.6 𝐵′
𝑧(𝜌, 0; 𝑡) = 𝑓(𝜌, 𝑧 + 𝑣0𝑡) near  𝑧 ≈ 0 0.4 0.4 

A.7 At 𝑡 = 0   𝐵𝑧
′(𝜌, 𝑧 ≥ 0) is of the form 𝐹(𝜌, 𝑧 + ℎ) 0.1 0.4 

 For 𝑡 > 0    𝑧 ⟶ 𝑧 + 𝑣0𝑡 0.1 

 𝑣0 = 2 (𝜇0𝜎𝑑)⁄  0.2 

Part B  Magnetic force acting on a point-like magnetic dipole    

              moving at a constant 𝒉 with a constant velocity   (4.0 points) 
A moving monopole                                                                                                     (1.5 points) 

B.1 Present positions of 𝑞m :   

                        (𝑥, 𝑧) = [−𝑛𝑣𝜏,−ℎ − 𝑛𝑣0𝜏],  for 𝑛 ≥ 0. 
0.4 0.8 

 Present positions of −𝑞m : 

                        (𝑥, 𝑧) = [−(𝑛 + 1)𝑣𝜏, −ℎ − 𝑛𝑣0𝜏 ], for  𝑛 ≥ 0. 
0.4 
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B.2 Magnetic potential : 

 Φ+(𝑥, 𝑧) =
𝜇0𝑞𝑚

4𝜋
[∑

1

√(𝑥+𝑛𝑣𝜏)2+(𝑧+ℎ+𝑛𝑣0𝜏)2
− ∑

1

√(𝑥+(𝑛+1)𝑣𝜏)2+(𝑧+ℎ+𝑛𝑣0𝜏)2
∞
𝑛=0

∞
𝑛=0 ]  0.3 

0.7 

 Φ+(𝑥, 𝑧) =
𝜇0𝑞𝑚

4𝜋𝜏
∫ 𝑑𝑡′

∞

0

[
1

√(𝑥 + 𝑣𝑡′)2 + (𝑧 + ℎ + 𝑣0𝑡
′)2

−
1

√(𝑥 + 𝑣𝑡′ + 𝑣𝜏)2 + (𝑧 + ℎ + 𝑣0𝑡
′)2

] 

0.2 

 
Φ+(𝑥, 𝑧) =

𝜇0𝑞𝑚𝑣

4𝜋
 

1

(𝑧 + ℎ)𝑣 − 𝑣0𝑥
[

𝑧 + ℎ

√𝑥2 + (𝑧 + ℎ)2
−

𝑣0

√𝑣2 + 𝑣0
2
] 

0.2 

A moving dipole                                                                                                           (1.5 points) 

B.3 ΦT(𝑥, 𝑧) = Φ+(𝑥, 𝑧) + Φ−(𝑥, 𝑧) where  

                             Φ−(𝑥, 𝑧) = −Φ+(𝑥, 𝑧 − 𝛿m) 
0.2 1.5 

 ΦT(𝑥, 𝑧) = Φ+(𝑥, 𝑧) − Φ+(𝑥, 𝑧 − 𝛿m) 

                                       = 𝛿m × 𝜕Φ+(𝑥, 𝑧) 𝜕𝑧⁄  
0.2 

 
 ΦT(𝑥, 𝑧) = −

𝜇0𝑚𝑣

4𝜋
[

𝑣

[(𝑧 + ℎ)𝑣 − 𝑣0𝑥]2
(

𝑧 + ℎ

√𝑥2 + (𝑧 + ℎ)2
−

𝑣0

√𝑣2 + 𝑣0
2
)

−
𝑥2

[(𝑧 + ℎ)𝑣 − 𝑣0𝑥][𝑥2 + (𝑧 + ℎ)2]3/2
] 

0.3 

  𝐹𝑧 = −𝑞𝑚
𝑑

𝑑𝑧
ΦT(0, 𝑧)|

𝑧=ℎ
+ 𝑞𝑚

𝑑

𝑑𝑧
ΦT(0, 𝑧)|

𝑧=ℎ−𝛿m

 0.2 

 𝐹𝑧 =
3𝜇0𝑚

2

32𝜋ℎ4
[1 −

𝑣0

√𝑣2 + 𝑣0
2
] 

0.2 

 
𝐹𝑥 = −𝑞𝑚

𝑑

𝑑𝑥
ΦT(𝑥, ℎ)|

𝑥=0
+ 𝑞𝑚

𝑑

𝑑𝑥
ΦT(𝑥, ℎ − 𝛿m)|

𝑥=0
 

0.2 

 𝐹𝑥 = −
3𝜇0𝑚

2

32𝜋ℎ4

𝑣0

𝑣
[1 −

𝑣0

√𝑣2 + 𝑣0
2
] 

0.2 

Relation between 𝒗𝟎 and 𝒗                                                                                          (1.0 points) 

B.4 
𝑣0 =

2

𝜇0𝜎𝑑
=

2

4𝜋 × 10−7 × 5.9 × 107 × 0.5 × 10−2

= 5.4 m s⁄  
0.3 

0.3 

B.5 In the 𝑣 < 𝑣c  regime:          𝑣0(𝑣) = 𝑣0  0.1 0.4 

 
In the 𝑣 > 𝑣c  regime:      𝑣0(𝑣) =

2

𝜇0𝜎𝛿
=

2

𝜇0𝜎
√

𝜔𝜇0𝜎

2
 

0.1 

 𝜔 = 𝑣 ℎ⁄  0.1 

 

𝑣0(𝑣) = 𝑣0√
𝑑

ℎ
 √

𝑣

𝑣0
 

0.1 

B.6 𝛿 = 𝑑 0.1  0.3 

 𝑣c =
2ℎ

𝑑2𝜇0𝜎
= 𝑣0

ℎ

𝑑
 0.2  
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Part C  Motion of the magnetic dipole when the conducting thin  

               film is superconducting                                          (3.0 points) 

C.1 Approach 1:  Start from the total magnetic potential  1.2 

 
ΦT(𝑥, 𝑧) = −

𝜇0𝑞m

4𝜋

1

√𝑥2 + (𝑧 + ℎ)2
+

𝜇0𝑞m

4𝜋

1

√(𝑥 − 𝛿m)2 + (𝑧 + ℎ)2
 

0.3 

 
𝐹𝑧

′ = (−𝑞m) [−
𝜕

𝜕𝑧
ΦT]|𝑥=0,

𝑧=ℎ

+ 𝑞m [−
𝜕

𝜕𝑧
ΦT]|𝑥=𝛿m,

𝑧=ℎ

 
0.3 

 
𝐹𝑧

′ =
3𝜇0𝑚

2

64𝜋ℎ4
 

0.4 

 

ℎ0 = [
3𝜇0𝑚

2

64𝜋𝑀0𝑔
]

1
4

 

0.2 

 Approach 2: Start from the force  

 

𝐹𝑧
′ = 2

𝜇0𝑞m
2

4𝜋
[(

1

2ℎ
)
2

−
2ℎ

(𝛿𝑚
2 + (2ℎ)2)3 2⁄

] 

0.6 

 
𝐹𝑧

′ =
3𝜇0𝑚

2

64𝜋ℎ4
 

0.4 

 

ℎ0 = [
3𝜇0𝑚

2

64𝜋𝑀0𝑔
]

1
4

 

0.2 

C.2 𝑑𝐹𝑧
′

𝑑𝑧
= −𝑘 = −𝑀0Ω

2 0.5 
0.8 

 
Ω = √

4𝑔

ℎ0
 

0.3 

 

C.3 

ℎ0 = [
3𝜇0 (

4
3𝜋𝑅3𝑀)

2

64𝜋 (
4
3𝜋𝑅3𝜌0𝑔)

]

1 4⁄

= [
𝑅3𝑀2𝜇0

16𝜌0𝑔
]

1 4⁄

 

0.3 0.7 

 
ℎ0 = [

10−18 × 752 × 10−4

16 × 7400 × 9.8 × 𝜇0
]

1 4⁄

m 0.2 

 ℎ0 = 25 μm 0.2 

C.4 

Ω = √
4𝑔

ℎ0
= √

4 × 9.8

30 × 10−6
 s−1 = 1.3 kHz 0.3 

0.3 

 

 


